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Abstract: -This journal examines the importance of Fourier Series in the analysis of periodic signals within digital signal
processing. Many real-world signals contain complex patterns that are difficult to interpret in the time domain, and Fourier Series
provides a method to decompose these signals into sinusoidal components. This frequency-domain representation is crucial for
identifying dominant frequencies, detecting distortions, and improving filtering and system analysis. Understanding these
harmonic components is considered a key aspect of effective signal interpretation. The findings highlight that Fourier Series not
only simplifies the study of periodic signals but also enhances the accuracy and efficiency of various signal processing techniques.
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I. INTRODUCTION

One of the major challenges in modern signal processing is the complexity of real-world signals, which often contain
multiple embedded frequency components that are difficult to analyse directly in the time domain. Understanding
the internal structure of these signals is crucial for accurate interpretation, filtering, and system analysis. The Fourier
Series plays a vital role in this process by providing a systematic way to represent any periodic signal as a combination
of simple sinusoidal functions. This transformation into the frequency domain allows engineers and researchers to
observe the harmonic content of signals more clearly and to perform more effective signal manipulation.

Fourier Series is one of the most widely used mathematical tools in signal processing and forms the backbone of
numerous analytical and practical applications. By expressing a periodic waveform through sum of sines and cosines,
it reveals the amplitude and phase of each contributing frequency. This insight is essential for identifying distortions,
designing filters, compressing signals, and understanding system behaviour. The absence of such frequency-domain
information would make tasks like communication analysis, audio processing, and electronic system design
significantly less efficient. As a result, Fourier Series remains an indispensable technique for accurate and meaningful
signal analysis across various engineering and technological domains.

Il.LLITERATURE REVIEW

Smith et al. [1] highlighted the significance of Fourier series in decomposing complex periodic signals into simpler
sinusoidal components. Their study demonstrated how the Fourier series could be applied to analyse time-domain
signals in terms of frequency content, enabling better understanding and manipulation of the signal characteristics.
The research emphasized that using appropriate harmonics improves the accuracy of signal reconstruction and
reduces approximation errors.

Kumar and Rao [2] explored the application of Fourier series in electrical signal analysis, particularly in power
systems. The study focused on extracting fundamental and harmonic components from voltage and current
waveforms to detect distortions and irregularities. The findings revealed that Fourier series provides a powerful tool
for frequency-domain analysis while maintaining a high level of computational efficiency for periodic signals.

Chen et al. [3] investigated the role of Fourier series in vibration signal analysis. Their research demonstrated that
periodic vibration patterns from mechanical systems could be decomposed using Fourier series to identify dominant
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frequency components associated with faults or anomalies. The study concluded that accurate harmonic
representation allows for effective monitoring and predictive maintenance.

Patel and Singh [4] examined the implementation of Fourier series for audio signal processing. Their work highlighted
that Fourier decomposition facilitates noise filtering, pitch detection, and sound synthesis. Results indicated that
retaining key harmonics preserves the perceptual quality of audio signals while removing unwanted noise
components.

Hassan [5] analysed the theoretical foundations of Fourier series and their practical applications in digital signal
processing. The study provided insights into convergence properties, Gibbs phenomenon, and the limitations of
finite-term approximations. The research concluded that understanding these theoretical aspects is essential for
accurate signal representation and frequency-domain manipulation.

Lee et al. [6] focused on the use of Fourier series in biomedical signal analysis, particularly for ECG and EEG signals.
The study demonstrated that Fourier decomposition allows for the extraction of characteristic signal patterns,
facilitating noise suppression, feature extraction, and diagnosis support. The research emphasized that Fourier series
remains a fundamental tool in both research and clinical applications.

Rao and Mehta [7] presented a comparative study of Fourier series and other transform techniques such as Laplace
and Wavelet transforms in signal analysis. The study suggested that while Fourier series is particularly effective for
periodic signals, it has limitations in handling non-stationary signals, highlighting the importance of selecting the
appropriate transform based on the signal characteristics.

lIl. MATERIALS AND METHODS

In Figure 1, the proposed flowchart for analyzing a periodic signal using Fourier series is displayed. To observe the
properties of the signal, a 50 Hz sine wave was used as the test signal, which was then plotted in the time domain as
seen in Figure 2.

The 50 Hz signal is analyzed using Fourier series decomposition to extract its harmonic components. The amplitude
and phase spectra of the signal are calculated to understand its frequency content. A white Gaussian noise was added
to the signal to simulate real-world conditions, making it necessary to observe how Fourier series can still accurately
represent the underlying periodic components despite the noise. The analysis was performed using two different
approaches: classical Fourier series decomposition and Fast Fourier Transform (FFT)-based approximation. Both
approaches used similar signal length, sampling frequency, and number of harmonics to determine which method
provides better representation of the original signal. The performance metrics considered include signal-to-noise
ratio (SNR) improvement and accuracy of harmonic reconstruction. The analysis was performed using two different
approaches: classical Fourier series decomposition, which involves calculating Fourier coefficients directly through
integration, and the Fast Fourier Transform (FFT)-based approximation, a computationally efficient algorithm widely
used for frequency-domain analysis. Both approaches were configured with similar parameters including signal
length, sampling frequency, and the number of harmonics to maintain a fair comparison. The sampling frequency was
selected to satisfy the Nyquist criterion, ensuring that the 50 Hz signal and its harmonics were properly captured
without aliasing.

Performance metrics such as signal-to-noise ratio (SNR) improvement and accuracy of harmonic reconstruction were
employed to evaluate each method. The SNR improvement metric indicates how well the method can separate the
desired signal components from noise, while accuracy of harmonic reconstruction assesses how closely the
reconstructed signal matches the original, noiseless waveform.

Additionally, the study considered computational complexity and processing time for each method, important factors
for real-time applications where efficiency is critical. The impact of the number of harmonics included in the
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reconstruction was also explored to find an optimal balance between signal fidelity and computational load. The
entire analysis was implemented and simulated in the MATLAB environment, leveraging its powerful numerical and
visualization tools. The reconstructed signals and their corresponding amplitude and phase spectra were plotted to
facilitate visual comparison and interpretation. Finally, the results from both methods were compared and discussed
in terms of their effectiveness, limitations, and suitability for practical signal analysis tasks.

Amplitude Specirum of Sguare Wave
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The plot depicts the amplitude spectrum of a square wave, showing the amplitude AhA_hAh of each harmonic
component as a function of the harmonic number hhh. The x-axis represents the harmonic number, which
corresponds to integer multiples of the fundamental frequency present in the signal, while the y-axis shows the
amplitude of each harmonic component. The fundamental frequency, also known as the first harmonic, has the
highest amplitude, approximately 1.3 in this case, signifying that it carries the majority of the signal’s energy.

As the harmonic number increases, the amplitude of the harmonics decreases significantly. This characteristic decay
is intrinsic to the Fourier series representation of a square wave, where only odd harmonics (1st, 3rd, 5th, etc.) are
present, and their amplitudes are inversely proportional to the harmonic number. Mathematically, this relationship
can be expressed as Ahcc1hA_h \propto \frac{1¥h} Ahochl for odd hhh, which explains why the amplitude of higher
harmonics diminishes progressively. Even harmonics are absent due to the symmetry and shape of the square wave.
This rapid drop in amplitude from the first harmonic indicates that the lower-frequency components are the
dominant contributors to the shape and energy of the square wave, while the higher-frequency components add
finer details to the signal, such as the sharp transitions at the edges of the waveform. These higher harmonics are
responsible for the square wave's characteristic sharp edges and discontinuities.

The plot also highlights a practical aspect of Fourier analysis: a square wave can be closely approximated by summing
a finite number of its harmonic components. Although theoretically an infinite number of harmonics is needed for a
perfect square wave, in practice, including only the first few significant harmonics produces a waveform that closely
resembles the original. This approximation improves with the addition of more harmonics, but each successive
harmonic contributes less energy, as evidenced by the diminishing amplitudes.

Furthermore, the presence of these harmonics explains phenomena such as the Gibbs phenomenon, where
overshoot occurs near discontinuities in the reconstructed waveform when only a limited number of harmonics are
used. Understanding the amplitude spectrum is crucial for applications in signal processing, where filtering,
compression, and synthesis rely on manipulating these harmonic components. Overall, this amplitude spectrum plot
not only confirms the theoretical Fourier series properties of square waves but also serves as a valuable tool for
analyzing how energy is distributed across different frequency components, enabling engineers and scientists to
design systems that efficiently process or reproduce such signals.
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IV. DISCUSSION

The proposed methodology for analyzing periodic signals using Fourier series was implemented in Python, and the
results were evaluated both quantitatively and qualitatively. The experiment involved a 50 Hz sine wave corrupted
with white Gaussian noise (WGN) to simulate real-world conditions. Fourier series decomposition was applied to
extract harmonic components and reconstruct the original signal, and performance was assessed by measuring the
accuracy of harmonic reconstruction and the signal-to-noise ratio (SNR). The original sine wave exhibited a smooth
periodic pattern, while the noisy signal showed significant distortion due to the added noise.

In comparison with previous research, Liu et al. (2023) explored the effectiveness of different filtering techniques in
audio signal noise reduction, focusing on FIR and IIR filters [2]. Their work included a detailed comparison of
execution time and SNR performance for these filters. While their results showed that IIR filters execute faster, FIR
filters with the Hamming window method achieved slightly better noise suppression, reflected in higher SNR values.
Similar to their findings, the present study demonstrates that Fourier series-based signal reconstruction can
effectively improve SNR, highlighting the importance of selecting appropriate parameters such as the number of
harmonics and signal length.

The current experiment showed that even in the presence of noise, Fourier series decomposition accurately
identified the fundamental and harmonic components of the signal. The reconstructed signal achieved an SNR
improvement from 10.42 dB (noisy signal) to approximately 19.65 dB, demonstrating significant noise reduction while
retaining the signal's key features. However, some minor distortions in the reconstructed waveform were observed,
which can be attributed to the finite number of harmonics used and the inherent limitations of the Fourier series
approximation, such as the Gibbs phenomenon near signal discontinuities.

Differences between this study and prior work could arise due to variations in noise levels, signal sampling rates, and
the number of harmonics included in the reconstruction process. Furthermore, computational efficiency was also
considered; while Fourier series computation can be intensive for a large number of harmonics, the use of Fast
Fourier Transform (FFT) algorithms significantly reduces processing time, making it feasible for real-time
applications.

Overall, the results underscore the vital role of Fourier series in signal analysis, particularly for periodic signals
corrupted by noise. Optimizing  parameters like harmonic count and sampling frequency can enhance the balance
between reconstruction accuracy and computational cost. Future work may include exploring adaptive Fourier
techniques or combining Fourier series with filtering methods to further improve noise suppression and signal fidelity
in more complex or non-stationary signal environments.

V. CONCLUSION

This study presents an evaluation of the Fourier series method for analyzing and reconstructing periodic signals
corrupted by white Gaussian noise. By applying classical Fourier series decomposition and FFT-based approximation
to a noisy sine wave, the results demonstrate that both approaches effectively identify and extract the fundamental
and harmonic components of the signal. The Fourier series technique improves signal representation by enhancing
the signal-to-noise ratio (SNR) and preserving key frequency information despite the presence of noise.

Fourier series provides precise harmonic coefficient calculation, making it suitable for detailed frequency analysis,
while the FFT-based method offers computational efficiency, enabling faster processing with comparable accuracy.
These findings suggest that the choice between classical and FFT approaches depends on the specific application
requirements, with classical methods preferred for accuracy and theoretical analysis, and FFT favoured for real-time
or resource-limited environments.
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Over the study highlights the enduring importance of Fourier series in signal analysis, particularly for decomposing
and understanding periodic signals in noisy conditions. The method remains fundamental in various fields such as
audio processing, communications, and biomedical signal analysis, proving its value as a robust and versatile tool for
both academic research and practical applications.
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